MAT 2500 (Dr. Fuentes) Worksheet 2 - Sections 12.2 & 12.3

Section 12.2: Vectors

Problem 1. Find the vector in R that has the opposite direction as (6,2, —3) and has length 4.

a
Let a = (6,2, —3). Recall that the unit vector u = — has the same direction as the vector a

a|
and has length 1. Note that for any scalar c,
jeu| = e[ [uf = |e].

Thus, if c = —4, the direction of 4u is opposite the direction of u, and hence a, and its magnitude
is 4. We can explicitly find what 4u is! We have

—4 —4 —4 24 8 12

—4u=_—a= 6,2,-3)=—=1(6,2,-3)=(—=,—5, =)

| \/62-|-22+(—3)2< ) 7< )= 77 7>
Section 12.3: The Dot Product
Problem 2. Use vectors to determine whether the triangle with vertices P = (1, -3, -2),

Q=1(2,0,—4),and R = (6, —2, —5) is a right triangle.

Note that the right angle of a right triangle lies across the hypotenuse, the longest side. Since

PQ = \/(2=17+ (0= (-3)2+ (—4— (-2)2 = VI+9+4 = V13,

PR = /(6 12+ (=2~ (=3))2+ (=5 (-2))> = V25 + 1 +9 = /35,

and

QR| = /(622 + (-2 012+ (-5 (—4))2 = VI6 T4+ 1= V21,

the longest side of the triangle APQR is PR. Then if APQR is indeed a right triangle, its right
angle would be the angle between the vectors @ and @

We must determine the coordinates of the displacement vectors @ and Q*ﬁ We have
QP =(1-2,-3-0,-2—(—4)) = (~1,-3,2)

and
OR = (6-2,-2-0,-5— (—4)) = (4,-2,—1).
Since

OP-OR = (~1,-3,2)-(4,-2,-1) = —-4+6-2=0,

the vectors @’ and @% are perpendicular, that is, the angle between the sides QP and QR is a
right angle. Therefore, APQR is a right triangle.



Problem 3. In class, we learned that vectors a and b are orthogonal (perpendicular) if and
onlyifaeb = 0.

Vectors a and b are parallel if and only if the angle 6 between them is 0 or 7r. Thatis, aand b
are parallel if and only if
aeb

aeb =la|-[b] -cos(t) = Ja| - [b|(£1) & =1,

since cos(0) = 1 and cos(7r) = —1.

Leta = (1,2,3), b = (0,1,3), and ¢ = (2, —1, —1). Determine whether the following pairs
vectors are orthogonal, parallel, or neither.
(@ a, b (b) a , c (c) a, b+c (d) 2a , b.

(a) We have
a-b=(1,2,3)(0,1,3) =1(0) +2(1)+3(3) =0+2+9 =11.

Then b 1
ae
= +1.
al- o]~ Visvio
Sincea-b # 0 and ﬁ # £1, the vectors are neither orthogonal (perpendicular) nor par-
allel.

Another approach: find the angle 6 between a and b. We have

‘b 11
0 = cos™! (a_) = cos~ ! (—) ~ 21.6°.
|a| b V14/10

Since the angle between a and b is not 90°, 0°, nor 180°, we see that the vectors are neither
orthogonal nor parallel.

(b) We have
a-b=(1,2,3)e(2,—-1,-1)=1(2)+2(-1)+3(-1)=2-2-3 = -3.

Then 3
aec —
= # +1.
lal-[e]  V14V/6
Since a-b # 0 and ’:’;‘:’ # +1, the vectors are neither orthogonal (perpendicular) nor par-
allel.

Another approach: find the angle 6 between a and ¢. We have

. -3
0 = cos ™! < a-c ) = cos ™! ( ) ~ 109.1°.
|a] [c| V146
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Since the angle between a and b is not 90°, 0°, nor 180°, we see that the vectors are neither
orthogonal nor parallel.

(c) Using properties of dot products and our answers from parts (a) and (b), we have
a-(b+c)=a-b+a-c=11-3=8.

We have b + ¢ = (2,0,2), so
a-(b+c) 8 ”
al[b+¢| /148

Another approach: find the angle 0 between a and b + ¢. We have

_ -(b+¢) _ 8
0 = cos™! (L) = cos ™! ( ) ~ 40.9°.
|a| [b + ¢ V14v/8

Since the angle between a and b is not 90°, 0°, nor 180°, we see that the vectors are neither
orthogonal nor parallel.

+1.

(d) Since 2a is a positive scalar multiple of a, the angle between 2a and b is the same as the
angle between a and b. In part (a), we determined that a and b are neither orthogonal nor
parallel. Therefore, 2a and b are neither orthogonal nor parallel.

Problem 4. Which of the following expressions are meaningful? Which are meaningless?
Explain.

(@) (asb)ec, (b) la(asc), () asb+tc

(a) Note that a e b is a scalar, since it is a dot product. The expression is meaningless since we
cannot take the dot product of a scalar, a @ b and a vector ¢, as the dot product is only defined
for two vectors.

(b) The expression has meaning since it is the product of two scalars: |a|, the magnitude of a,
and a - ¢, a dot product.

(c) The expression is meaningless since it consists of the sum of a scalar, a @ b, and a vector,
c. Scalars can only be added to scalars, and vectors can only be added to vectors. Note that
aeb+c # ae(b+c),since by the distributive property for vectors,ae (b+c) =aeb+aec.



Problem 5. If u is a unit vector, find ue vand u e w.
NOTE: The dashes on the sides of the figure below indicate the figure is a square. Assume
that the angles between the diagonal lines are each 77/2 (90 degrees).

Since u and w are orthogonal, then u e w = 0. The angle between u and v is 45°. Then

V2

uev = |u|-|v|-cos(45°)=1-|v|- -

Note that the magnitude of v is half of the length of the diagonal of the square. Since the sides
of the square are all of length 1, then

v] = length of the diagonal of the square V12412 /2
B 2 -2 27

Thenuev = |v|(v2/2) = (v/2/2)(v/2/2) = 1/2.

Problem 6. Find a unit vector that is orthogonal to both of the vectors i + j and i + k.

If u = (uq,up,u3) is orthogonal toi+j = (1,1,0) and i + k = (1,0, 1), then
O=ue(i+j)=u;+up; and O=ue(i+k)=ru;+us.

By solving for u; in each of the equations above, we have —uy = u; = —u3. Then up = uz =
—u1. Since u is a unit vector,

1
—ul = S22 2 — 2 ()2 (—ye )2 — 2 -
1=|ul = \/u1+u2+u3— \/u1+( up)? + (—up)? = \/Bul = U= 7
Then the vector u = <\/i§, —%, —\%) is orthogonal to both of the vectors i 4 j and i 4 k. The
vector —u = <—\/L§, \/ig, \/lg) is also orthogonal to both of the vectors i +j and i + k.



