MAT 2500 (Dr. Fuentes) Worksheet 8 - Sections 14.7 & 15.1

Section 14.7: Maximum and Minimum Values

Problem .1 Find the local extreme value(s) and the saddle point(s) of the function, if they exist.

@) Flx,y)=xy—x*y—xy*>  (b) f(x,y) =e*cos(y)

(© g(x,y)=y>—2ycos(x), —1<x<7

(a) We have
Fy=y—2xy—y* and Fy:x—xz—ny.

Solving Fy = 0 and F, = 0 gives us
0=y—2xy—y*=y(1-2x—y) = y=0ory=1-2x.
Substituting y = 0 into 0 = F, = x — x? — 2xy gives us
0=x—x*=x(1—x) = x=0orx=1
Next, substituting y = 1 — 2x into 0 = F, = x — x* — 2xy gives us
0=x—x>—2x(1-2x)=3x>—x=x(Bx—1) = x=0orx=1/3.

Whenx =0,y =1—-2(0) = 1and when x = 1/3,y = 1 —2(1/3) = 1/3. Therefore, the critical points
of F are (0,0), (1,0), (0,1),and (1/3,1/3).

Lets compute the second order partial derivatives of F. We have
Fyy = =2y ny = Fyx =1-2x—-2y Fyy = —2x.
We have

D(x,y) = Fux - Fyy — Fa, = (—2y)(—2x) — (1 —2x — 2y)* = 4xy — (1 — 2x — 2y)*.

Note that
D(0,0) = D(1,0) = D(0,1) = —1 < 0,
so (0,0), (1,0), and (0, 1) are each saddle points. Since

D(1/3,1/3) =4(1/3)>*—~(1-2/3-2/3)>=4/9-1/9=1/3>0 and Fx(1/3,1/3) = —2/3 <0,

then F has alocal maximum at the point (1/3,1/3). The local maximum value at this pointis F(1/3, 1/3) =
(1/3)%2 — (1/3)3 — (1/3)® = 1/27.

(b) We have

fr = e* cos(y) and fy = —e*sin(y).
Since e* > 0 for all values of x, then solving f, = 0 and f, = 0 gives us cos(y) = 0 and sin(y) = 0.
However, since sin(y) = 0 only when y = n7t for any integer n, but cos(nsr) # 0 (it can only be +1), the
system of equations f; = 0 and f, = 0 has no solution, meaning that f has no critical points. Then f has
no local extrema nor any saddle points.



()

f(z,y) =y?> —2ycosz = f, =2ysinz, Jy =2y —2cosx, fzz =2ycosz, fry = 2sinz, f, = 2.

Then f, =0mpliessy =0o0r sinz =0 = x=0,7, or27for —1 < z < 7. Substituting y = 0 into
fy=0gvescosz =0 = z =% or 3. substitutingz = 0orz = 27 into f, = 0 givesy = 1, and |

substituting 2 = 7 into f,, = 0 gives y = —1. Thus the critical points are (0,1). (%.0). (7, —1). (2£,0). and (27, 1).
D(%.0) =D (3:,0) = —4 <050 (%.0) and (27,0) are saddle points.

D(0,1) = D(m,—1) = D(2m,1) =4 > 0and

fez(0,1) = fau(m,—1) = fzx(2m,1) =2 > 0,50 f(0,1) = f(m,—1) = f(27,1) = —1 are local minimums.

Problem 2. The base of an aquarium (open top) with volume 8001in® is made of stone and the sides are
made of glass. If the stone costs five times as much (per in?) as the glass, find the dimensions of the
aquarium that minimize the cost of the materials.

As shown in our picture to the right, the dimensions of the
aquarium are x, y, and z. Let C be the cost of the materials
to create the aquarium. Let c; be the cost of the stone per in?
and let cg be the cost of the glass per in®. Then ¢; = 5¢q and
the cost to create the aquarium is

C = csxy+cez(x+y) = Scgxy +c2z(x +y) = cg(5xy+2z(x +y)).

Let us convert C into a 2-variable function by using the fact
that the volume xyz = 800. By substituting z = 800/ (xy)
into C we have X

800
C=cg <5xy + ZE(x + y)) = cg(5xy +1600(y ' + x71)).

Our goal is to minimize C(x,y) = cg(5xy + 1600(y ' 4+ x~1)). We have

1 1600
Cr = cg(5y — @) and Cy = cg(5x — 60

Y )

1
By solving for y in the equation C; = 0, we obtain y = % Substituting this into the equation C;, = 0

gives us

1600 25x% 25x% /1600
_ — _ — = 1 = 553 = .
Cq 5x 1600 5 0 = 5x 1600 0 = 5x 1600 = 1600 = 5x° = «x 5
(5%)
Then
y— 1600 ~ 5/1600
5(1600/5)** 5



Let us verify that the function C obtains a minimum value at (x,y) <\ [ — 1600 Y —— 1600 ) We have

3200c,\ /3200c
D = CuCyy = Cyy = ( P g) < Y g> - (5eg)”

/1600 ,/1600 3200¢, \ 2
D 3 - 3 o — 8 _ 2 2 — 1 2 _ 2 — 2
( 5 5 > (1600/5 5cg Och 5cg 95cg >0
1600 /1600
Crx (f‘/ = A/ = ) =100c2 > 0,

5/ 160 /1600
C does indeed obtain a minimum at (x, y ( ) by the 2nd Derivatives Test. Therefore,

the dimensions of the aquarium that minimize its cost are

Then since

and

1600 L1600 800 ..
X = ? ~ 6.84 m, Y= ? ~ 6.84 m, and Z = W ~ 17.1in.

Problem 3. Find the absolute maximum and minimum values of the function on the given set D.

@ flxy)=x*+y*+xy+4  D={(xy) | [x| <1, |yl <1}

®) gry)=x2,  D={(xy)x>0,y>0 x>+ <3}.

(a)
fly) = +y* +2°y+4 =  fola,y) =22+ 2y, y
fy(z,y) = 2y + 2%, and setting f, = f, = 0 gives (0,0) as the only critical Tt cs
point in D, with f(0,0) = 4. L, Es
OnLi: y=—1, f(xz,—1) = 5, a constant. # )
On'lisze =1, f{l,y) = vV +y+5,a quadratic in y which attains its (—1,—1) I (1, —1)

maximum at (1, 1), f(1,1) = 7 and its minimum at (1, —3), f(1,—3) = L.

On Ls: f(x,1) = 22> + 5 which attains its maximum at (—1,1) and (1, 1) with f(+£1, 1) = 7 and its minimum at (0, 1),
£(0.1) =

On Ly f(—1.y) = y° + v + 5 with maximum at (—1,1), f(—1,1) = 7 and minimum at (-1L.—3). f(-1.—3) =%

Thus the absolute maxinum is attained at both (41, 1) with f (41, 1) = 7 and the absolute minimum on D is attained at

(0,0) with f(0,0) = 4.



(b)

flz,y) =2y = fo=1vy%and f, =22y, andsince f =0 <=

y = 0. there are no crifical points in the interior of D). Along L1: y = 0 and B
(0.v3)

f(x,0)=0. Along Lo: z =0and f(0,y) = 0. Along L3: y = V3 — z2, Ly

L
solet g(z) = f(z.v/3—2?) =3z — 2® for 0 < = < /3. Then :
g(x)=3-32"=0 < 2 =1. Themaximumvalueis f(1,v2) =2 0.0 L, V30 ~*

and the minimum occurs both at z = 0 and = = ﬁ where f (O. ﬁ ) —f ( ﬁ | 0) = 0. Thus the absolute maximum of f on

Dis f( 1. \/5) = 2, and the absolute minimum is 0 which occurs at all points along L, and Lo.

Section 15.1: Double Integrals over Rectangles

Problem 4. Calculate the following double integrals.
1
(a) // r;C(yy)dA, where R = [1,3] x [1,5].

R
RO Y R S
()/0/01+xyyx

HINT: Use a u-substitution then later you will need to apply integration by parts.

(c) / / xy\/x2 +y2dA, where R =[0,1] x [0,1]. HINT: Use the u-substitution u = x2 + 1.

R
~1 2 1 42,y
Q) [ [ axdyd
A Jy 5 dxdydz
(a) In this case, either order of integration is of equal difficulty. We will integrate w.r.t. x first. We have

/15/1311;(;» dxdy:/:ln](/y)/:idxdy
= [ tnia)]

= In(3) /15 lnj(/y) dy.

In(y)

For the integral f15 e dy we can use a u-substitution:

u=In(y) = du= ;dy,

and when
y=1 = u=In(1)=0 and y=5 = u=In(5).
Then
u?1n(3)  In(3)In(5)?

In(3) /1 YInW) 4 ) /O " = ln(3)7]0 = =



Therefore,

// In(y) ,, _ In( (5)2_

Problem 1(b)
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Problem 1(c)
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Problem 1(d)
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Problem 5. Find the volume of the solid in the first octant bounded by the parabolic cylinder
z =16 — x? and the plane y = 5.
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